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1 Introduction 

Lauricella's hypergeometric series Fa,Fb,Fc are defined by 



Fa • • • : b m ) Cl 5 . . . , C m , Xi , . . • , X m j 

( a )niH \-n m (bl)ni ' " ' {b m )n„ 



E 



ni,...,n m fei> 



(ci)n 1 ' ' ' (c m ) nm (l)m ' ' ' (l)n m 



F B {ai, . . . ,a m ,bi, .. ., 

E 



(ai)m ■ ■ ' (am)n m (bl)ni • ■ ■ (fem)n m ni „ m 



(c) ni+ ... +tlm (l)„ 1 ---(l) 



F c (a, b, ci, . . . , c m ; ii, . . . ,i m ) = 

(")nH hn m (i)nH hr, 



E 



(ci)m • • • (c m ) n (l)m " ' " (l)n„. 

Here, a, &, c, bi, Ci(i = 1, . . . , m) are parameters and c, Cj ^ Z<o- Lauricella's 
series Fa,Fb,Fc satisfy the following systems of differential equations respec- 
tively 

if-F A = 0, If = 6,(8, + a - 1) - ^(0! + • • • + m + a)(0 ( + bi) (i = 1, . . . , m), 

4 s .F B = 0,£f = 9 l {6 1 + ■ ■ ■ + d m + c- 1) - ^(fc + ai)(^ + &<) (i = 1, . . . , m), 

f°.Fc =0,1? = 9i(9i+c i -l)-Xi{6 1 +> ■ ■+6 m +a)(6 1 +- ■ ■+6 m +b){i = 1, . . . ,m). 

Here, di = -J^ is the differential operator for Xi and 9i = Xidi is Euler operator 
for Xi. 
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Let D = C[xi , . . . , x m ] (di, . . . , d m ) be the ring of differential operators with 
polynomial coefficients and T> = C{xi, . . . , x m }(di, . . . , d m ) be the ring of dif- 
ferential operators with convergent power series coefficients. We define D ideals 

I A {m) = D-{i? | i = l,...,m}, 
I B {m) = D-{tf | i = l,...,m}, 
I c (m)=D-{t? |i = l,...,m}, 

and T> ideals 

l A (m) = V ■ {if | i = 1, . . . , m}, T c {m) = V ■ {tf \ i = l,..., m}. 

We note that these ideals can be defined without any condition on parameters. 
We will call these ideals Lauricella's systems of differential equations. 

In this paper, we obtain Grobner bases for these ideals lB{m),lA(jn),Ic{m) 
with respect to some monomial orders without any condition on parameters. By 
utilizing these Grobner bases and by Oaku's celebrating result on Grobner basis, 
characteristic varieties and singular locus [B] , [7] , we will determine the singular 
locus of Lauricella's system of differential equations It(m) where t is A or B or 
C. 

The singular locus under some conditions on parameters is known for these 
equations (see the survey by Matsumoto [5]). However, the singular locus with- 
out any condition on parameters has not been known. We note that Hattori 
and Takayama [4] determined the singular locus of the system Ic(m) recently 
without any assumption on parameters by utilizing Grobner basis, syzygies and 
cohomological solutions. Our method also utilizes Grobner basis, but it is sim- 
pler by considering Grobner bases in the ring V and can be applied to other 
Lauricella's systems. We will use notations of [5] throughout this paper. 

2 Grobner basis for Lauricella's hypergeometric 
differential equations 

We derive a Grobner basis for the D ideal /s(m). 

Theorem 1. Let £j be a commutative variable corresponding to di. We define 
a term order <(o,i) as follows. The relation 

x l ■'m SI Sm ^-(0,l) J 'l X m C, m 

holds if and only if one of the following cases holds: 

1. /3 X + • • • + P m < ft + ■ ■ ■ + p m 

2. Pi H h (3 m = fii H h P' m and ati H h a m < a[ -\ h a' m 

3. Pi H h P m = P[ H h P' m and oti H h a m = a[ H h a' m and 

x" 1 ■ ■ ■ x^^ 1 ■ ■ ■ ^™ <' x" 1 ■ ■ ■ £m m £i 1 • • • Cm™ ■ Here, <' is a term order 
such as the lexicographic order. 
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Then, the set {if , ■ ■ ■ ,if} is a Grobner basis for Ib{iti) with respect to <(o,i)- 

In order to prove the theorem, we use the Buchberger's criterion. In other 
words, we prove that any S-pair is reduced to 0. We will use the following lemma 
to simplify S-pairs. 

Lemma 2. Let P,Q £ D and < be a term order on D. If the initial terms 
in<(P) and in<(<5) are relatively prime, the S-pair of P and Q S<(P, Q) is 
reduced to the commutator — [P, Q] . 

Proof. We may assume that the coefficients of the initial terms of P and Q 
are 1 without loss of generality. Since the initial terms in<(P) and in<(<5) are 
relatively prime, we have 

S < (P,Q) = (m < (Q)(x,d))P-(in < (P)(x,d))Q 
= (Q - rest< (Q))P - (P - rest<(P))Q 
= -rest<(Q)P + rcst< (P)Q + QP-PQ 
= -rest<(Q)P + rest<(P)Q- [P,Q]. 

When in< (P) = x^ 1 ■ ■ ■ f f 1 we define 

m < (P){x,d)=*?.--a%rd? 1 ~-dfr 

and rest<(P) = P — in < (P)(x,d). The S-pair S < (P,Q) is reduced to the 
commutator — [P, Q] by P and Q. □ 

Proof, (of Theorem^ We need to show that the S-pair oi£f,£f (1 < i < j < 
m) is reduced to 0. Since the initial terms in <(0 x , (if) = x^f and in< (0 1} (if) = 
Xj£j are relatively prime, we can use Lemma [21 The commutator of if and if 
is 

= Xi(6i + ai)(6i + bi)6j - x j (9 J + a 3 )(6j + bj)9 t 

— =-> e i (e l + --- + e m + c - \)e.j -e j (e l + --- + e m + c - 1)^ = o, 

t B t B 

where — * — > means the reduction by if and if. Since the commutator is 

IB IB J 

i ' j 

reduced to 0, the S-pair S< (0 1} (if ,if) is reduced to by Lemma [U By the 
Buchberger's criterion, the set {if , . . . ,if} is a Grobner basis with respect to 
<(o,i)- □ 

Remark 3. In Theorem^ we obtain a Grobner basis of lB(m) with respect 
to the term order <(o,i)- We are interested in the set of term orders for which 
the set of generators {if,...,if} is a Grobner basis. Let us determine the 
weight vector w and the tie-breaker order such that the term order < w satisfies 
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m< w (lf) — Xj£f, This condition yields the condition that the weight vector 
w = (wi, . . . ,w m ,w m+ i, . . . ,w 2m ) £ (K> ) 2m satisfies 

Wi > 0, w m +i > 0, 2wi - w k + w m+i - w rn+ k > (1 < k < m and k ^ i) (1) 

for i = 1, . . . , m. We define 

T «i . . . /mtft . . . p3 m , a'i _ , , Omt^! . . . A 
x l x m ?1 Sin ^tu -^1 J'm ?i <,m 

z/ and oreZj/ if one of the following cases holds: 

1. WiOi H h W m a m + W m +l/3l H h W2m/3m < H h »lm«!„ + 

W m+ l/?i H h W 2m P' m 

2. wiai H h w m a m + w m+ i(3i H h w 2m P m = H h w m a4 + 

w m+ if3[-\ \-w 2m p' m and x" 1 ■ ■ ■ x^f 1 • • • < x" 1 • • • Xm'ff 1 • • • £„ m . 

Here, < is a term order such as the lexicographic order. 

We can prove that the set of generators {if, . . . ,1^} is a Grobner basis with 
respect to the term order < w . We note that the weight vector (0, . . . , 0, 1, . . . , 1) 
lies in the closure of the cone in the weight space. The set of generators 
{if,...,i^} is a Grobner basis with respect to the term order defined by the 
weight vector (0, . . . , 0, 1, . . . , 1) and the tie-breaker < w . 

Next, We derive a Grobner basis for V ideal Ta(t(i). 

Theorem 4. We define a monomial order on <(o.i)' on T> as follows. The 
relation 

T fl... „<x m tPl _ tPm,^, I "1 . . . . . . A 

x l x m SI Sm ^(0,1) x l x m si <,m 

holds if and only if one of the following case holds: 

1. p 1 + ... + p m< p' 1 + ... + p' m 

2. Pi + ■ ■ ■ + An = P[ + ■ ■ ■ + P' m and cti + ■■■ + a m > a[ + ■ ■ ■ + a' m 

3. Pi H h P m = ft'i H h f3' m and ai H h a m = a'i H h a' m and 

x i 1 ' ' ' x m"^i 1 ' ' ' Cm™ <' x i 1 ' ■ ' x m n ^i 1 " ' ' sro™ • Here, <' is a term order 
such as the lexicographic order. 

Then, the set {if, . . . ,if} is a Grobner basis for T> ideal lA(m) with respect to 

<(0.1)'- 

Before giving a proof, we note that for the monomial order <(o.i)' in the 
ring T>, an analogous lemma as Lemma [5] also holds. 

Proof. We need to prove the 5-pair of if and if (1 < i < j < m) is reduced 
to 0. Since the initial terms in< (0 > (if) — x\£? and in <(01) '(£^) = are 
relatively prime, we can use the analogous lemma as LemmaO The commutator 
[if, if] = 0. The 5-pair S' <(0 i} (if,if) is reduced to 0. By the Buchberger's 
criterion with respect to a monomial order <(o.i)' m ^ Q], [3 Th 1.4.], the set 
{if, . . . , if} is a Grobner basis. □ 
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For T> ideal Ic (to) , we can also derive a Grobner basis analogously. 

Theorem 5. The set {£?,...,£%} is a Grobner basis for T> ideal Ic(m) with 
respect to <(o,i)'- 

Remark 6. We could not derive Grobner bases for D ideals Ja(to), Jc(to) and 
the D ideal for Fd with respect to the term order <(o.i)- Grobner bases for 
these ideals seem to be more complicated from computer experiments. This is 
why we discuss on a Grobner basis in the ring T> to study the singular locus. 

3 Singular locus of Lauricella's system I a {m), is(ra) 

Hattori and Takayama [3] determined the singular locus of Lauricella's system 
Ic(m) by using Grobner basis, syzygies and cohomological solutions. We de- 
termine the singular locus of Lauricella's system /4(to),/b(to) by using the 
obtained Grobner bases. 

3.1 Singular locus of Lauricella's system is(ra) 

We compute singular locus of Lauricella's system Is (to). By Theorem Q] a 
Grobner basis of Ib(to) with respect to <(o,i) is {^f i • • • >^ml- We define a 
weight vector (0, 1) = (0, . . . , 0, 1, . . . , 1) G Z m . In other words, we set that the 
weight of Xi is and that of & is 1. We define the (0, 1) initial form in( 01 )(P) of 
the differential operator P by the sum of the terms in P which has the highest 
(0, 1) weight. In other words, when P = J2 a pe(i >0 ) m °a-fi xa ^ e A the (0j 1) 
initial form of P is 

in ( o,i)(P) = c a ,px a ^. 

(0,l)'(a,/3) is maximum in P 

For a D ideal /, the (0, 1) initial form ideal is denned by the C[x, £] ideal 

in (0 ,i)(J) = <in (0)1) (P) | Pel). 

By the property of Grobner basis with respect to <(o,i)j the (0, 1) initial form 
ideal in( ,i)(iB(m)) are generated by in (0 ,i)(^f ),-••, in( 0) i)(O- The (°> *) 
initial form of if is 

m (o,i)(^f ) = x&i - Xi)& + Y ■ 

We denote the initial form by Lf . By the Oaku's result [7J Proposition 1 in 
Section 2] and Theorem [TJ we have the following proposition. 

Proposition 7. The characteristic variety for D ideal /b(to) is C1i(/b(to)) = 
V(L?,...,Lf n ). 
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The singular locus of 7b (m) is denned by 

Sing(7 B (m)) = n(Ch(I B (m)) \ {6 = • • • = £ m = 0}). 

Here, ir is the projection C 2m 9 (xi, . . . , x m , £%, . . . , £ m ) n> (xx,...,x m ) S 
C m . In order to compute the singular locus, we need to compute the solution 
(xi,...,x m ,(ii,...,€ m ) with (£i,...,f m ) 7^ (0,...,0) for 

Lf = 0,...,L£ = 

i.e., 

x^i = or - + 2J a;fcCfc = (i=l,...,m). (2) 

l<~k<~rn,k^i 

The singular locus is the projection by ir of these solution. We can rewrite the 
equation ([2]) as 

Xi(l - £iXi)£i + ^ EiXk£k = (i = 1, ...,m,£i € {0, 1}). (3) 

l<A:<m,/c^i 



We fix an e = (ei, . . . , e m ) € {0, l} m . The equation ^ is 



- eixi) eix 2 
e 2 xi x 2 (l - e 2 x 2 ) 



E\Xjy 

e 2 x r , 



x m (l-e m x m )J \Cm/ \0/ 



We denote the coefficient matrix by A e . The equation (j3]) has a solution 
(xi,..., x m ,£i, ...,£ m ) with . . . , Cm) ^ (0, ... ,0) if and only if det(A e ) = 
holds. The defining polynomial for the singular locus is Ilee{o i} m det(A e ). 
We compute ri e e{o i} m det(A E ). We set 



fm (xi , . . . , x m , £i , . . . , s m ) — det 



(\-E\X\ Ei 



\ 



?2 



1 £m%m/ 



Then, the relation det(^4 £ ) — x\ • • • x m f m (xi, . . . , x m \ si, . . . , e m ) holds. We 
have 

fm \P^1 j * * * ) ? ^2 7 ■ ■ • i £m) — fm—1 (*^2 7 ■ • ■ 7 7 ^2 7 ■ • ■ 7 ^m) 7 
,/*m 7 ■ ■ • 7 7^l7 0,£37---7^-m) fm—1 7 • • ■ 7 7 ^1 7 ^-3 7 ■ ■ • 7 ^-m) 7 



/m (^1 7 • ■ • 7 7 ^1 3 • ■ • 7 '-m — 1 7 0) — fm—1 7 • • ■ 7 *^m— 1 j ^1 3 • ■ • i &m — 1)7 

f m (xi,. . .,X m ; 1, . . . , 1) =(-l)" l_1 ((l - Xx)x 2 ■■■X m + X1X3 ■■■x m + 

+ xi - ■■ x m -i). 
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By using these relation, we have 

1 j f m ' ' ' \.l f m 

#{l<i<m|£»^0}=l #{l<i<m|e;#0}=2 #{l<i<m|e i ^0}=m 

= II A^ii! 1 ) II f2(xi 1 ,x i2 ;l,l)---f m (x 1 ,...,x m ;l,...,l) 

l<ii<m l<ii<i2<m 

i I ^ ~~ ^i) ] | { x ii%t2 ~~ — 
l<zi<m l<«i<«2<^ 

(-l) m_1 (-a;ia;2 • • • x m + x 2 ■ ■ ■ x m H Yx\ ■ ■■x m -\). 

These gives the following conclusion. 
Theorem 8. The singular locus of Fb is 

Sing(7 B (m)) =V(a;i ■■■x m }| (1 - x h ) Q {x n x l2 - x h ~ x l2 ) ■ ■ ■ 

l<ii <m l<ii <i2<m 

(xix 2 ■ ■ ■ x m - x 2 ■ ■ ■ x m Xi ■ ■ ■ X m -i)). 

3.2 Singular locus of Lauricella's system iAim) 

We compute the singular locus of Lauricella's system I a {m) . In this case, the 
computation is not straightforward as the case of Ib (m) and we need a Grobner 
basis in the ring V. We define a weight vector (0, 1) = (0, . . . , 0, 1, . . . , 1) £ Z 2m . 
The (0,1) initial form of if is 

in (o,i)(^) = X& - Xi ^ 

\ l<j<m 

We denote the initial form by Lf. Since Lf is an element in the (0, 1) initial 
form ideal in( .1) {1 a ( m )), we have 

(Lf,...,L*) Cin (0il) (7 A (m)). 

It holds that 

V(L^...,L£)DCh(J A (m)). 
For the singular locus, we have 

n(V(Lt, . . . , \ {a = • • • = U = 0}) D Sing(7 A (m)). 

We compute ir(V(Lf, . . . , L^) \ {£1 = • • • = £ m = 0}). In the analogous way 
as 7b (m), we compute the solutions (x\, . . . , x m , £1, . . . , £ m ) with (£1, . . . , Cm) 7^ 
(0.....0) for 

Lf = 0,...,L*=0 



J~\ fm{x\i • • ■ ? X m ] £1, . . . 

££{0,1}™ 

II /m 
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i.e., 



Xi£,i = or Xiii-Xi ^ x k£,k = (i = l,...,m). 



(4) 



Kk<m 



The projection by n of these solutions is tt(V(L^, . . . , L^) \ {£1 = • • • = £ m = 
0}). The equation Q is rewritten as 



i£i-Xi£i 2J £fc£fc = (i = l,...,m,£i € {0, 1}). 



(5) 



Kfc<m 



We fix an e = (ei, . . . , e m ) G {0, l} m . The equation © is 

— S\X\) —E1X1X2 

—62X1X2 x 2 {l -£2X2) •■■ 



£\X\X m \ 

e 2 x 2 x m 



£2 







\ £m,X\Xni £mX2Xm ' ' ' ^m(l £mXrn) J \£m/ \P/ 

We denote the coefficient matrix by -B e . The equation ([5]) has a solution 
(a;i,...,a; m ,£i,...,£ m ) with (£i,...,£ m ) ^ (0, ...,0) if and only if det(S e ) = 
holds. So we have 



n(V(Lt,...,Li)\{^ 



We compute the determinant. 



u = o}) = n det (^ 

££{0,1}'" 







(1- £\X\ 


-eixi 




— f 






-£2X2 


1 — £2^2 




— f 


det(£> e ) =a;i 


■ ■ " 3jj77,dGtj 
















£mXm 




f - 






/1 - eixi 


-1 -1 




-A 






-£2^2 


1 







=Xl 




-£3^3 


1 


















1/ 


=Xl 








£mXm) 




So we obtain 












n det (^) = 


2 m 2 r 

x 1 • • • x m 


" n a- 


- Xi ± ) 


n 


(1- 


eG{0,l} m 




l<ii <m 


i<i 


i<i2<m 






(1-X!- 











zX-m J 



This equation is the defining polynomial of 7r(V(L^, . . . , = • • • = 

0}). We have 

SingfT^m)) cV(xi • • -x m J| (1 - x h ) J [ (1 - x ix - x i2 ) 

1 < i 1 < m l<ii <i2^fi 

(1 - Xi x m )) 
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We prove the reverse inclusion. We compute the singular locus in an open 
neighborhood of the origin. By Theorem |U a Grobner basis of Ia(iti) with 
respect to <(o.i)' is {h > ■ • ■ A m }- F° r a ^ ideal I, the (0, 1) local initial form 
ideal is defined by the C{a;i, . . . , x m }[£i, . . . , £ m ] ideal 

in (0il) (2) - <in (0)1) (P) |PeI). 

By the property of a Grobner basis with respect to <(o,i)' [3 Theorem in Section 
2], the (0, 1) local initial form ideal in.(o,i) (X J 4(m)) are generated by Lf-, . . . , L^. 
By the theorem in [6j Th 4.1.], we obtain the following fact. 

Proposition 9. For the characteristic variety for the D ideal lA(m), there 
exists an open neighborhood U of {x\ = • ■ • = x m — 0} in C 2m such that 
Ch(I A {m))r\U = V(Lf,...,LA)nU. 

We compute the solutions (x%, . . . , ai m ,£i, . . . , £ m ) with (£i, . . . , £ m ) ^ (0, . . . , 0) 
for Lf — 0, . . . , L m = 0. The projection by n of these solutions in an open 
neighborhood of the origin is the singular locus in the open neighborhood. The 
equations Lf = (i = 1, • • • m) have a solution {x\, . . . , x m , £i, . . . , £ m ) with 
(&,...,£ m )^(0,...,0) if and only if 

JJ det(A £ ) =xf ■■■x 2 ™ Yl ( 1_a; ii) II ( 1-a *i -^ia)"- 

eG{0,l}"» l<ii<m l<ii<i 2 <m 

(l-xi x m ) 

holds. Since we are considering an open neighborhood of the origin, the factors 

1 Xj yl , 1 x^ 1 x^ 2 , . . . , 1 X\ • x m 
are not 0. We have 

Sing(7^(m)) n W = V( Xl ■ ■ ■ x m ) n W, 

where W is an open neighborhood of the origin in C m . 

Next, we compute the singular locus Sing(J>i(m)) in the complex torus 
(C*) m . We assume a* ^ (i = 1, . . . , m) i.e., (x u ...,x m ) G (C*) m . We 
apply the change of coordinates Xj = (i = l,...,m). By the change of 
coordinates, the differential operator if changes to 

p? = X t e Xt (-6 Xt +Ci - 1) + {6 Xi - a){6 Xi - h). 
We set the D ideal 

I A (m)' = D-{p?,...,p m }. 

Here, we set D = C[Xi, . . . , X m ](d Xl , ■ ■ ■ >9 Xm ), i-e., we change the variables 
Xi,di for Xi,d Xi - 

Proposition 10. We use the term order <(o,i) defined in Theorem^ Here, 
we change the variable Xi,di for Xi,d Xi . The set {pi,...,p m } is a Grobner 
basis for the D ideal I A (m)' with respect to <(o.i)- 
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We can analogously prove the proposition as Theorem [TJ We compute the 
singular locus of Sing(l4(m)'). By the property of a Grobner basis with re- 
spect to <(o,i)i the (0,1) initial form ideal in( ^ (1 A{m)') is generated by 
hi(o,i)(pf ), • ■ • ,in(o,i)(Pm)- Tne (°) !) initial form 01 Pi is 

in ( o,i)bf) = Xitxi X t (l - Xi)Z Xi + X £*i ■ 

Y l<j<m,j^i J 

We denote it by P/ 4 . Since P/ 4 is equal to Lf, in( t i)(lA{ m )') is equal to 
i n (o,i)(-^B( m ))- By the result of Sing(/s(m)), we have 

Sing(/ A (m)') =W[X X ■ ■ -X m ]J (1 - X n ) J] (X n X l2 - X n - X l2 ) 

l<ii<m l<ii<Z2<m 

• • • {X\X% ■ ■ ■ X m — X2 ■ ■ ■ X m — ■ ■ ■ — X\ ■ ■ ■ X m -i)). 

The relation Xi ^ holds and we apply the change of coordinates Xi = J- , we 
have 

Sing(J A (m)) n (C*) m =V( J] (1-XiJ IJ (1 - ^ - • • • 

l<ii<m l<ii<*2^^ 
(1 — Xi- X m )). 

Since Sing(7^(m)) tlW = V(xi • ■ ■ x m ) n (W is an open neighborhood of 
the origin) holds, we have 

Smg(I A (mj) DV(xx ■ ■ -Xm J| (1-XjJ J| (1 - x i± - x i2 ) ■ ■ ■ 

1 < 2 1 < m 1<21<22<?TI 

(l-xi x m )). 

We can prove the reverse inclusion. 
Theorem 11. The singular locus of Fa is 

Sing(/A(m)) =V(x 1 ■■■x m ]Q (l-x^J JJ (1 - x i± - x i3 ) ■ ■ ■ 

1 < ?' 1 < rn l<ii<22<m 
(1 - Si X m )). 

Remark 12. in i/ie analogous way as Lauricella's system lA(jn), we can also 
determine the singular locus of Lauricella's system Ic{m). Hattori and Takayama 
determined the singular locus of the system Jc(m), but our method is simpler 
than their method. 
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